Abstract. Sufficient conditions for an ideal I in R-Mod to be covering are proved. This allows to obtain an alternative proof of the existence of phantom covers of modules. Our approach is inspired by an extension of the standard deconstructibility techniques used in Approximation Theory.
Introduction
Ideal Approximation Theory has been recently introduced by Herzog, Fu, Guil Asensio and Torrecillas in [14] . This theory establishes an extension to ideals of morphisms in general exact categories of the usual theory of covers and envelopes by modules which was independently initiated by Enochs and Auslander-Smalø and that has attracted a wide interest in the last years (see e.g. the monographs [6, 12, 19, 27] for a detailed exposition). This extension of the theory has experienced an increasing development in the last year (see e.g. [15, 16, 17] ). The main reason of this growing interest is that this proposed extension covers significative examples of covers and envelopes of modules which were not included in the original theory because they need to be stated in terms of morphisms instead of objects. This is the case, for instance, of the existence of phantom covers of modules obtained in [20] , or the existence of almost split morphisms in the Abelian category A-mod of finitely presented modules over Artin algebras (see e.g. [2] ).
This introduction of an approximation theory for ideals of morphisms naturally leads to the statement of existence theorems for covers and envelopes associated to these ideals, similar to the ones obtained in the classical theory of covers and envelopes. Following this approach, it has been recently proved in [24] that if I is an ideal in a module category R-Mod generated by a set (see [24] for a definition of this concept), then I is a precovering ideal in the sense of [14] . This result extends to this new setting a classical existence theorem of precovers and preenvelopes associated to cotorsion pairs of objects (see e.g. [19] ). However, the Ideal Approximation Theory proposed in [14] seems to be more complicated than the classical one and therefore, the existence of phantom covers of modules proved in [20] , and which represent a central example in the theory, cannot be infered from this result.
The main motivation of this paper is to introduce a new criterion for the existence of covers of modules associated to ideals of morphisms. Namely, we prove in Section 3 sufficient conditions to ensure that an ideal in R-Mod is covering, in the sense that any R-module has an I-cover (cf. [14] ). And these sufficient conditions are satisfied by the ideal of phantom morphisms in R-Mod introduced in [20] . The key observation in our paper is that one may identify ideals I of morphisms in R-Mod with certain classes I(A 2 ) of objects in the Grothendieck category A 2 of all representations by left R-modules of the quiver A 2 : • → •. This allows to apply the general existence theorems developed in the literature for (pre)covers of modules with respect to a class of objects. Namely, we show: Theorem 3.2. Let I be an ideal in R-Mod closed under direct limits. If I is the closure under direct limits of a set of morphisms I 0 ⊆ I, then I is a covering ideal.
As we have just observed, our approach has the main advantage of relating existence theorems for covering ideals of morphisms to the corresponding ones for covering classes of objects in the Grothendieck category A 2 . But it also has an important drawback: this identification does not respect extensions in the sense that, if f, g are two homomorphisms in R-Mod, then Ext 1 R (f, g) (see e.g. [14] for its definition) is different from the extension group of the associated representations in A 2 , Ext 1 A 2 (f, g). As a consequence, the class of objects I(A 2 ) in A 2 associated to any given ideal of morphisms I in R-Mod is not closed under extensions. Therefore, some classical results, as the so-called Wakamatsu Lemmas (which have been recently extended to this new setup in [17] ), cannot be proved by means of this approach (see Remark 3.4 for a more detailed explanation).
We devote our last section to apply our results to phantom ideals of morphisms, in the sense of Benson [7] (see also [18, 20] ). We recall that the notion of phantom morphism has its origin in the study of morphisms between CW complexes [22] . It was later extended by Neeman [23] to triangulated categories and used by Benson and Gnacadja to study the stable category associated to k[G]-Mod, where G is a finite group and k is a field whose characteristic divides the order of G (see e.g. [7, 18] ). Christensen and Strickland in [4] were the first authors who realized the close connection between phantom morphisms and Purity Theory (see e.g. [3] ). And this relation has later shown to be essential to obtain a general proof of the existence of phantom covers of modules [20, 21] . We show in Section 4 that the ideal Phant(R) of phantom morphisms in R-Mod satisfies the above existence theorem. This allows us to get an alternative proof of [20, Theorem 7] : Corollary 4.10. Every left R-module has a surjective phantom cover.
We also obtain a new proof of the result obtained in [20] that the kernels of these phantom covers are always pure injective modules (see also [21] ).
We would finally like to stress that our Theorem 4.8 also shows that the ideal Phant(R) admits a nice filtration by ≤ κ-presented phantom morphisms, for some infinite cardinal κ. Classes of objects satisfying this property are usually called in the literature deconstructible. Deconstructible classes of objects F which are closed under transfinite extensions play a central role in the classical approximation theory (see e.g. [25, 26] ), as they provide special F-precovers and special F ⊥ -preenvelopes of modules. However, Remark 3.4 shows that the class of objects I(A 2 ) that we are associating to any ideal I of morphisms in R-Mod is never closed under the above type of filtrations, unless I = Hom. This fact suggests that a new notion of deconstrucible classes of morphisms may be needed for Ideal Approximation Theory.
Preliminaries and notation.
2.1. Ideals in categories and phantom morphisms. Let R be an associative ring with identity and let us denote by R-Mod the category of unitary left modules over R. Following [14] , we will call an additive subbifunctor of the bifunctor Hom : R-Mod op × R-Mod → Ab an ideal I of R-Mod. This means that given R-homomorphisms f, g, h, t with f, g ∈ I, we get that f + g ∈ I and h • f • t ∈ I, whenever they are defined.
An important instance of ideal in R-Mod is the ideal of phantom morphisms considered in [20] . Let us recall that a morphism f : M → N of left R-modules is called a phantom morphism if for each morphism g : L → M , with L a finitely presented left R-module, the composition f •g factors through a (finitely presented) projective module. Equivalently, for each left R-module A, the functor Ext
consisting of all pure-exact sequences. It is straightforward to check that the class of all phantom morphisms forms an ideal, which we will denote by Phant(R).
The next definition is the natural extension to ideals of morphisms of the usual notions of (pre)covers and (pre)envelopes with respect to a class of modules (see [14] ).
Definition 2.1. Let I ⊆ Hom R be an ideal in R-Mod and M ∈ R-Mod. An I-precover of M is a morphism i : I → M in I such that any morphism i ′ : I ′ → M in I factors through i. I.e., there exists a commutative triangle
An I-precover i : I → M is said to be an I-cover if every map j that completes the diagram
is necessarily an automorphism. An ideal I is said to be (pre)covering if every R-module M admits an I-(pre)cover. I-(pre)envelopes and (pre)enveloping ideals are defined dually.
2.2.
The category A 2 . Let us denote by A 2 the quiver with two vertices v 1 , v 2 and an edge a :
This may be thought as a small category. Let us consider the category A 2 = (A 2 , R-Mod) of all representations of the quiver A 2 by left R-modules. That is, the category of all covariant functors from A 2 to R-Mod. Note that an object M of A 2 is just a morphism
is commutative. The category A 2 is Grothendieck and the representations R It is also known that P ≡ P 1 f → P 2 is a projective representation if, and only if, P 1 and P 2 are projective R-modules and f is a splitting monomorphism. And P is flat provided that P 1 and P 2 are flat R-modules and f is a pure monomorphism (see [10, 13] ).
We can associate to any ideal I in R-Mod, the class of objects I(A 2 ) in A 2 consisting of
In particular, we will denote by Phant R (A 2 ) the class of all phantom morphisms in R-Mod, considered as a class of repre-
if and only if f is a phantom morphism in R-Mod. It is clear, from the definition of phantom morphism, that flat representations of A 2 belong to Phant R (A 2 ). This means that, if F ≡ F 1 → F 2 is a representation in which F 1 is a flat R-module, then F ∈ Phant R (A 2 ). In particular, Phant R (A 2 ) contains a projective generator of A 2 .
As A 2 is a Grothendieck category, we have the usual notions of (pre)covers and (pre)envelopes with respect to a class of representations F in A 2 . Namely, if F is a class of objects in A 2 and
is an automorphism, then ϕ is called an F-cover (resp., F-envelope). Note that F-covers (resp. Fenvelopes) are unique up to isomorphism whenever they do exist. So we will talk of the F-cover (resp., the F-envelope ) of a representation M with the understanding that this uniqueness is up to isomorphisms. We will say that a class F of representations in A 2 is (pre)covering ((pre)enveloping)) if every M ∈ A 2 admits an F-(pre)cover (resp., F-(pre)envelope).
Throughout this paper, all rings will be associative rings with identity element and all modules will be unitary left modules. We will denote by R-Mod the category of all left R-modules. We refer to [14, 12, 19, 27] for any undefined notion used along this text.
A Sufficient Condition for Covering Ideals
Let us begin this section by introducing the following definition which will be needed to state the main result of this section. We can now prove our promised criterion for the existence of covering ideals of morphisms. Let us first show that this implies that I is a precovering ideal. Let M be an R-module and
Then there exist morphisms s, t such that the following diagram commutes,
, there exist morphisms α, β which make the following diagram commutative G for the original argument) can be easily adapted to the framework of ideals of morphisms to deduce that if an ideal I of R-Mod is closed under direct limits and M has an I-precover, then it also has an I-cover. This finishes the proof.
As noted in [5, Theorem 3.3] , the above arguments can be easily carried out to deduce the following stronger result under the assumption of Vopěnka's Principle (see e.g. [1, Chapter 6]). 
. This means that the representation
A ⊕ A t 1 f π 2
−→ B ⊕ B is an extension of the representation 0 : A → B by itself which does not belong to I(A 2
).
Filtering Phantom Morphisms
Throughout this last section we will focus on the case in which the considered ideal I is the class Phant(R) of all phantom morphisms in R-Mod. Our aim is to prove that each phantom morphism admits a nice filtration by small phantom morphism, and deduce from it that the ideal Phant(R) satisfies the hypothesis of Theorem 3.2.
Let A be a Grothendieck category and λ, an ordinal number. Recall that a linearly ordered directed system of morphisms in A, {f αβ : A α → A β | α ≤ β < λ}, is called continuous if A γ = lim − → α≤β<γ f αβ for each ordinal limit γ ≤ λ. Note that, in particular, this means that A 0 = 0.
A linearly ordered directed system of morphisms is called a continuous directed union if all morphisms in the system are monomorphisms. Given a class of objects L in A, an object A of A is said to be L-filtered (or a direct transfinite extension of L) if A = lim → A α for a linearly ordered continuous directed union {f αβ : A α → A β |α ≤ β < λ} satisfying that, for each α < λ, Coker(f α,α+1 ) is isomorphic to an element of L. Finally, a class of objects L of a Grothendieck category A is called deconstructible if there exists a set L 0 ⊆ L such that each object L ∈ L is L 0 -filtered. This notion, which was introduced by Eklof [8] , has shown to play a central role in the classical aproximation theory by objects (see e.g. [25, 26] ). Our goal in this section is to show in Theorem 4.8 that the class of phantom morphisms is deconstructible, in the sense of the above definition. To achieve this aim, we will start with the following technical lemma.
Proof. Let κ, X 1 , X 2 be as given in the statement of the lemma. By [12, Lemma 5.3 .2], we conclude that there is a pure submodule
Using the same argument, we can find another pure submodule
which is the desired subrepresentation of M satisfying the three requiered properties.
It is well known that the Grothendieck category A 2 is locally finitely presented. Therefore we can state the following definition of purity in A 2 , which also reflects the notion of purity contained in the above lemma. Proof. By Lemma 4.3, we may find a pure subrepresentation of F ≡ F 1 → F 2 which is small as desired
Now, we must transform this subrepresentation into a phantom one. Let L be any finitely presented R-module and h : L → S 1 , any homomorphism. As F ∈ Phant R (A 2 ), there exists a finitely presented projective R-module P h (whose cardinality is therefore, bounded by κ) such that L → F 2 factors through it
L is a finitely presented module and h ∈ Hom(L, S 1 )} and note that |T | ≤ κ.T is not necessarily a pure submodule of F 2 but, by Lemma 4.3, we may find a pure submoduleT ⊂ S 2 ⊂ F 2 such that |S 2 | ≤ κ. Then, by construction, for any arbitrary finitely presented R-module L and any h : L → S 1 , there exists a projective R-module P such that the following diagram commutes
This means that L → S 2 factors through P . And hence, Proof. Let {f i : N i → M i } I be a morphism between two directed systems of morphisms {g ij :
for each i ∈ I. And let lim − → f i : lim − → N i → lim − → M i be the induced morphism in the direct limits. We must show that lim − → f i is also a phantom morphism.
Let L be any finitely presented left R-module. We have to prove that for any morphism
Hence, given a morphism L → lim → N i , there is a j ∈ I such that the following diagram can be completed
and then, by diagram chasing, we conclude that the morphism L → lim → M i factors through P as well. We can now state: 
is phantom, for each ordinal α.
Note that, in particular, this implies that there exists an ordinal λ such that F λ = F because M, N are sets. Therefore, if we are able to make the above construction, we will have shown that Phant(R) is S κ -deconstructible, where S κ is the set of all isomorphism classes of phantom morphisms or cardinality bounded by κ.
We are going to make this construction by transfinite induction on α. Let us set F 0 ≡ 0 0 → 0. Fix now an arbitrary ordinal γ > 0 and assume that we have constructed F β , g αβ and h αβ with the desired properties, for each α ≤ β < γ. We are going to construct then F γ and g αγ and h αγ , for each α ≤ γ satisfying the above properties. Case 2. Assume now that γ = µ + 1 is a successor ordinal. If F µ = F , then we set F γ = F , g µγ = 1 M , h µγ = 1 N , and g αγ = g µγ • g αµ and h αγ = h µγ • h αµ , for each α < µ, and g γγ = 1 M and h γγ = 1 N .
Otherwise, the induced representation F /F µ ≡ M/M µ f /fµ −→ N/N µ is nonzero, in the sense that M/M µ or N/N µ are not zero. We claim that f /f µ is a phantom morphism. As F µ is a pure subrepresentation of F , we deduce that, in particular, the short exact sequence,
is pure. Then, for any finitely presented R-module L and any morphism L → M/M µ , there exists a morphism L → M which completes the following commutative diagram
This shows that L → N/N µ also factors through P and hence, we deduce that F /F µ ∈ Phant R (A 2 ). Now, as F = F µ , there exists an x ∈ M ⊔ N \ M µ ⊔ N µ . By Lemma 4.5, there exists a pure
It is then clear that g ′ µ and h ′ µ are pure embeddings, because F µ is a pure subrepresentation of F by our induction hypothesis. Moreover, as F ′ /F µ is a pure subrepresentation of F /F µ and F µ is a pure subrepresentation of F , it is immediate to deduce that F ′ is a pure subrepresentaton of F .
Finally, let us set F γ = F ′ , g µγ = g ′ µ , h µγ = h ′ µ , and g αγ = g µγ • g αµ and h αγ = h µγ • h αµ , for each α < µ, and g γγ = 1 M ′ and h γγ = 1 N ′ It is easy to check that F γ , g αγ and h αγ , for α ≤ γ satisfy the desired properties.
Recall that a representation M ≡ M 1 → M 2 in A 2 is of type κ (for κ an infinite cardinal number), if each of the R-modules M 1 and M 2 are generated at most by κ elements. We are going to close this paper by showing that the kernel of a phantom cover is always a pure injective module. First we need to prove the following lemma, which is of independent interest.
